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Abstract: The present article is concerned with lower and upper bounds of the first positive zero of the function 
H,( z, a) = (YJ,(z) + zJL( z), where J,(z) is the ordinary Bessel function of order v > - 1 and J”‘(z) is the derivative of 
J,(z). A lower bound found here improves and extends the range of validity of the order Y, of a lower bound found in 
a previous work [8]. Also, two upper bounds given here improve a previously known upper bound [8]. In the particular 
case (Y = 0, these bounds lead to lower and upper bounds for the first positive zero ji., of J:(z) which improve 
well-known bounds in the literature. 
Keywords: Mixed Bessel functions, zeroes of the derivatives of Bessel functions. 
1. Introduction 
Let J,(z) be the ordinary Bessel function of order v and let J,‘(z) be the derivative of J,(z). 
The study of the zeroes of the function 
H,(z, CY) = Q,(z) +z$(z), 04 
where (Y is a real number, is motivated by several problems [3]. In particular the knowledge of 
the positive zeroes of H,(z, CX) is of importance because these zeroes appear in the solution of 
Laplace equation for a sphere with mixed boundary conditions [2]. In [8] it was proved, among 
others, that for v real and Y > - 1 the function H,( z, CX) has the same zeroes as the following 
function 
f(x) = -2(1 + V)(&Z + V) +x’+“(X), (1.2) 
where &(x), in the case of real zeroes, is a meromorphic function with poles the positive zeros 
jy,k, k=l,2, . . . of the ordinary Bessel function J,(z). Moreover the function x2&(x) increases 
with x from 0 to + 00 in the interval (0, j,,,) and from - 00 to + co in each of the intervals 
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(jv,k) jp,k+l ) ) k = 1, 2, . . . . The function &(x) alone increases from 1 to + cc as x increases in 
(0, j,,,). This result leads to several existence and uniqueness theorems which unify, generalize 
and improve many well-known results in the literature [8]. One of these results (see [8] corollary 
3.4), states that for (Y > 0 and v > max{ -(Y, - l} the function H,( z, CX) has a unique zero in the 
interval ( ji,i, jy,i), where j:,, is the first positive zero of the function J,‘(z). This result together 
with the well-known inequality 
X1 > \Im, v > 0 [ll, pp. 4861 (1.3) 
leads to a lower bound for the first positive zero of H,( z, a) which has been found to be better 
than a number of well-known lower bounds in the literature (see [8, remark 3.31). 
In this paper we find the following bounds for the first positive zero p,,i of H,( z, (Y): 
P,,~ > /m, v>max{ -ff, -l), 0 4 
p,,i<J2(1+v)(v+cu), v>max{-a, -l}, (1.5) 
P v.1 C/W. /-(v+2)+/3v2+v(8+01)+2(a+2) , v>max{-a, -l} 
0.6) 
For (Y 2 2 and 0 < v < &% the lower bound (1.4) is better than the lower bound py,I > /m, 
v > 0, a > 0 found in [8]. In the particular case cx = 0 it leads to a lower bound for the first 
positive zero jL,i of the function J”‘(z) which for small v (0 < v < 3.5) is better than the 
well-known bounds ji,i > /m, v > 0 [ll] and j,,, > 0.841118 + v, v > 1 [l]. The upper 
bounds (1.5) and (1.6) are better than the upper bound P,,~ < /m v > - a, a < 0 which 
follows from Corollary 3.3 of [8]. In the particular case (Y = 0 the upper bound (1.5) leads to the 
well-known upper bound 
ji,,<Jm, v>O [ll]. 
The upper bound (1.6) for (Y = 0 is better than the upper bound (1.7). 
(1.7) 
2. Definition of the function &,(x) 
Denote by C,, the diagonal operator 
Coe, = ne,, n = 1, 2,. . . , (2.1) 
which is defined on the linear manifold spanned by the orthonormal basis e,, in a separable 
Hilbert space H. The operator C, + v1 for v > - 1 is positive defined and has a self-adjoint 
extension [4], with a compact inverse L, = (Co + VI)-I, acting on the basis e, as follows: 
1 
Lven = -e 
n+v n’ 
v> -1. (2.2) 
Now consider the operator T, = V+ I’*, where V is the shift operator (I/e, = e,, i) and V * its 
adjoint, and define the operator S,, as follows: 
S = L’/*T Li/= 
Y Y OV’ (2.3) 
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The operator S,, plays an important role in the theory of Bessel functions [5-lo]. It is a 
Hilbert-Schmidt operator with the eigenvalues f 2/j,,,, n = 1, 2,. . . , where j,,, is the n th 
positive zero of J,(z) [5]. 
The function C&(X) is defined as follows: 
(2.4 
n=O L 
where the symbol ( , ), means scalar product in H. It is defined in the interval (0, j,,,) and can 
be extended to a meromorphic function with poles the positive zeros j,,,, n = 1, 2,. . _ of J,(z) 
181. 
Two of the results of [8] used here are the following: 
(I) p # 0 is a zero of H,( z, CX) if and only if it is a zero of the function 
f(x) = -2(1 + V)(V + CX) +x’&(x). (2.5) 
(II) The function &(x) increases from 1 to + cc as x increases in (0, j,,,). The extended 
function x2&,(x) increases from -cc to + cc as x increases from j,,, to jy,k+l, k = 1, 2,. . . . 
This implies immediately the existence of a unique zero of H,(z, CY) in each of the intervals 
(j+ jv,k+l), k = 1, 2,. . . . In the interval (0, j, i) there exists a zero of H,( z, CX) if and only if 
v> max{ --a, - l}. Also under several assumptions one can establish easily the existence of a 
zero of H,( z, CX) in the intervals (0, ji,,) and ( jyli, j,,,) or in the intervals ( j,,, , j,‘,,) and 
(j&? _h,k+d where .d,k is the k th positive zero of J;(z) [S]. 
Similar results may be found in the intervals (0, p,,i) and (p,,i, j,,,) for the zeros of many 
other mixed Bessel functions, where p,,i is the first positive zero of H,(z, CX). This possibility 
makes more useful the results in the next section. 
3. The main results 
Theorem 3.1. Let v > max{ -(Y, 1). Then the first positive zero P,,~ of H,( z, a) = aJ,,( z) + zJ”‘( z), 
satisfies 
jy2,i + 2(1 + V)(CX + v) ’ 
v> max{ -a, -l}, (3-l) 
where jy,l, is the first positive zero of the function J,(z). 
Proof. We consider the function f(x) = -2(1 + v)( v + LX) + x2&(x), where C&(X) is given by 
(2.4). Since the zeros of the function f(x) are precisely the zeros of H,(z, (Y) [8, Theorem 4.11 we 
have that: 
20 + v>(a + v) = P,2,,~“(P”,1). (3.2) 
Also, since ]I S, I] = 2/j,,, [6] and p,,i cj,,, (8, corollaries 3.3 and 3.4) we obtain from (2.4): 
(3.3) 
From (3.2) and (3.3) it follows that 
20 + ~>(a + v> < &j$/( jy2,i - PY~,J, 
from which we obtain the lower bound (3.1). q 
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Remark 3.1. (i) It can be readily proved that for (Y > 2 and 0 -C v < & the lower bound (3.1) is 
better than the lower bound 
P”,l ’ /F=I 3 v> 0, a > 0, (3-4 
given in [8]. Note that the lower bound P,,~ > \im for v > (Y > 0, is better than a number of 
lower bounds given recently by many authors (see the remark 3.3 of [S]). 
(ii) The lower bound (3.1) extends the range of validity of the order v of the lower bound (3.4) 
because this holds also for negative values of v. 
Theorem 3.2. Let v > max{ -LX, - l}. Then the first positive zero P,,~ of H,,( z, a) satisfies. 
P,,l < 1/w + v>(v + a) 7 
P v,l -+p+ \/‘3v* + v(8 + CX) + 2(2 + CY) - v - 2. 
(3.5) 
(3.6) 
Proof. From (2.4) we have: 
This together with (3.2) gives the upper bound (3.5). 
Also, since 
2(1+ v)(a + v) > py2,1 l+ +(S:ei, ei) 
! 
P,“l 
=“,‘+ 4(v+l&+2)’ 
we obtain after some algebra the upper bound (3.6) which is better than the upper bound (3.5). 
Cl 
Remark 3.2. Note that the upper bounds (3.5) and (3.6) are better than the upper bound 
P V-1 c/m, v> -a, (Y CO, 
which follows from corollary 3.3 of [8]. 
Corollary 3.1. Let v > 0. Then the first positive zero j:,l, of the function JV’( z) satisfies. 
i,;'~<j~,~<~~.i3v2+nv+4 -v-2. P-7) 
Proof. It follows from Theorem 3.1 and Theorem 3.2 for (Y = 0. q 
Remark 3.2. (i) It can be readily proved that for small v, more precisely for v in the interval 
0 < v < 3.5, the lower bound 
.i,‘,+- /m. ~00 
is more stringent than the well-known lower bounds 
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and 
& > v + 0.84118, v > 1 [l] . 
(ii) The upper bound 
J ” +o- v,l J 3v2+8v+4 -v-2, v>O, 
is better than the well-known upper bound 
&c/m, v>o [ll]. 
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(3.8) 
Note that the upper bound (3.8) follows from the inequality (3.5) for cx = 0. 
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